GROUPS OF ORDERS 32

SUMMARY

order # abelian # other decomposable # other indecomposable TOTAL

32 / 11 33 ol

32 = (A%)

32.02 = 16 x 2 = (A6, B?)

32.03 = 8 x 4 = (A%, B

32.04 = 8 x 22 = (A%, B2, C?)

32.05 = 42 x 2 = (A% B* C?)

32.06 = 4 x 2% = (A% B2, C? D?)

32.07 = 25= (A2, B, C2, D? E?)

32.08 = Dg x 22 = (A% B2, C2, D? BA = A-'B)
32.09 = Qs x 22 = (A% B2 = A%, C2, D?, BA = A"!B)
32.10 = 16.08 x 2 = (A% B2, C2, D, CB = A?BC)
32.11 = 16.09 x 2 = (A% B2, C2 D2, CA = ABC)

32.12 = Dsa x 2 = (A% B* C2 BA = A'B)
32.13 = Ms2® x 2 = (A%, B2, C?, BA = A%B)
32.14 = Dg x 4 = (A% B?, C* BA = A'B)

32.15= Qg x 4 = (A% B2 = A%, C* BA = A-1B)
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Normal subgroups

Classes H G/H n
1+2+3+4+5+6+7+8+13+14+15+16 42 211
1+2+3+4+5+6+7+8+9+10+11+12 |4x2? 212
1+2+3+4+5+6+7+8+17+18+19+20 42 213
1+2+3+4+ 9+10 4x2 414
1+2+3+4+11+12 4 x2 415
1+2+5+6+9+11+13+15+17+19 16.09 216
1+2+5+6+10+12+13+15+18+ 20 Da4 217
1+2+5+6+9+11+14+16+18+ 20 16.09 218
1+2+5+6+10+12+14+16+17 + 19 Dy 219
1+2+7+8+9+12 4x2 4110
1+2+7+8+10+11 4x2 4111
1+5 2116.08 |12

Classes H G/H n

13|1+6 2| 4x2]13
14({1+2+3+4+5+6+7+8|4x2 41112
1511+2+3+4 4| 4x2|14
16|1+2+5+6+13+15 4% 2 22116
17]11+2+5+6+14+16 4x2 22118
1811+2+7+8 41 4x2|1n10
19(1+2+5+6+9+11 28 22216
2001+2+5+6+10+12 4x2 22217
21({1+2+5+6+17+19 4x2 2236
2211+2+5+6+18+20 4 %2 22317
23]11+2+9 22| 4x2|4m6
2411+2+10 41 4x2|4n7
25|11+2+11 22| 4x2|5n6
26|1+2+12 41 4x2|5n7
27|1+2+5+6 22 23[16n18 @
2811+2 2|4x22123n24 G’

Maximal subgroups: 4 x 22, 4% x 2, 16.09 x 2, D4 x 2
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Normal subgroups

Classes H G/H
111+2+3+4+5+6+7+8+9+10+11+12 8 x2 2
211+2+3+4+5+6+7+8+13+14+15+16 8 x2 2
3|1+2+3+4+5+6+7+8+17+18+19+ 20 8 x?2 2
411+2+3+4+9+10+13+14+17+18 16.08 2
5/1+2+3+4+9+10+15+ 16+ 19 + 20 Ms,2® 2
6([1+2+3+4+11+12+13+14+19+20 Ms 2©) 2
711+2+3+4+11+12+15+16+17 + 18 Ms,2® 2
8l|1+2+9+13+17 Ds 4
911+2+9+14+18 Ds 4
1011+2+10+13+18 Ds 4
11({1+2+10+ 14+ 17 Qs 4
12[1+2+3+4+5+6+7+8 8 22
13|1+2+3+4+9+10 4x2 22
14(1+2+3+4+11+12 8 22
1511+2+9 22| 4x2

Classes H G/H
16]11+2+10 4 4x2|1n10
1711+2+3+4+13+14 4x2 22| 24
18|1+2+3+4+15+16 8 22125
1911+2+13 22 4x2|2n8
2011+2+14 4 4x2|2M9
2111+2+3+4+17+18 4x2 221314
22|1+2+3+4+19+20 8 221315
23|1+2+17 4 4x2|3M8
2411+2+18 22 4x2|3M9
25[1+2+3+4 4 231311
261+2 2 4 x 2?1511

Maximal subgroups: [8 x 2] x 3, 16.08, [Ms2®] x 3
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Normal subgroups

Classes H G/H
1+2+3+4+5+6+7+8+9+10+11+12 |4 x 22 2
1+2+3+4+5+6+7+8+13+14+15+16 |4 x 22 2
1+2+3+4+5+6+7+8+17+18+19+20 |4 x 22 2
1+2+3+4+9+10 4x2 4
1+2+3+4+11+12 4 x2 4
1+2+5+6+13+15 4x2 4
1+2+5+6+14+16 4x2 4
1+2+7+8+18+19 4 x2 4
1+2+7+8+17+20 4x2 4
1+3+5+7 22| Dsg
1+3+6+8 22| Dsg
1+4+5+8 22| Dsg
1+4+6+7 22| Qs
1+2+3+4+5+6+7+8 23 22
1+2+5+6 224 %2
1+2+7+8 2214 x2
1+2+3+4 224 %2

Classes H G/H

1811+2 2 2146 G
1911+3 2116.09 4110
20(1+4 2116.10 | 512
2111+5 2116.0916M10
2211+6 2116.10 [ 6m11
23|1+7 2116.1018n10
2411+8 2116.098n11

Maximal subgroups: [4 x 22] x 3
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16

C 13 14 15 16 17 18 19 20
# 2 2 2 2 2 2 2 2 X
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yal-1|-1]-1|-1] 1|11 |13
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Y16 | —i I I |—i|-1]1|1]|-1]|38
7| 0] 0]0|0]0]0|0]0]10
8/ 0]0]0 00|00 ]0][11
xo[ 0] 0]0|0]0]0|0]0]10
x20[ 0 ]0[00J0]0]|0]0][11
N~ 8 8 8 8 8 8 8 8
Classes H G/H
1+2+3+4+5+6+7+8+9+10+11+12 42 2
1+2+3+4+5+6+7+8+13+14+15+16|8x2 2
1+2+3+4+5+6+7+8+17+18+19+20|8x%x2 2
1+2+3+4+13+14 8 4
1+2+3+4+15+16 8 4
1+2+5+6+9+11 8 4
1+2+5+6+10+12 8 4
1+2+7+8+18+19 8 4
1+2+7+8+17 +20 8 4
1+5 2 M8,2(5)
1+6 2 M8,2(5)
1+2+3+4+5+6+7+8 4x2 22
1+2+3+4 4| 4x?2
1+2+7+8 4| 4%x2
1+2+5+6
1+2 2 42

Maximal subgroups: [4?], [8 x 2] x 2
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el V|0 | =i =i =i
we| =i | =i | 1T 0|0 |1 |—i-i
xolO [6°[0%|067 |0 |6°|0%|0
0|00 |07 |6°[0°|0 |0 |6°
viu [0 [6° 0% |07 [0°|0 |07 |6°
12| 0° |0 [07 1063]0 [0°[63 0
i3 [07 |06°|0° |0 [07 6% |6°|0
via |02 107 |0 |0°[0°|07 |0 |6°
vis (07 1 0° |0° |0 [0®|07 |0 |6°
v [0 107 |0 |06°[07 |06°]6°|0

e NN oo NN o
R B o cabsrbdwoNndE,OR

vz 0] 0]0]0]J]0]0]0|0
8/ 0]0]0|0f0]0|0]O0
x|l 01 0]0]0]J]0]0]0|0
x20|[0]0]0|0f0]0]0]0]11
A~ 8 8 8 8 8 8 8 8
Classes H GHH n
1| 1+2+3+4+5+6+7+8+9+10+11+12 | 4 x 22 211
2 | 1+2+3+4+5+6+7+8+13+14+15+16 | 8 x 2 212
31| 1+2+3+4+5+6+7+8+17+18+19+20 | 8 x 2 213
411+2+3+4+9+10 23 414
511+2+3+4+11+12 4x2 415
611+2 2| 8x2]6
711+2+10 22 817
8l11+2+9 22 818
911+3+5+7 4 23|19
10/1+3+6+8 4 Ds| 10
11]1+4 2| Mg,® |11
12|1+2+3+4+5+6+7+8 4% 2 22112
1311+2+3+4 22| 4x2|2n4 Z=d =91
14[1+3 2| 16.09|4n9 G’

Maximal subgroups: [4 x 27], [8 x 2] x 2
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X 14 1] 1 i | —-i|-6"| -0 |-06°|-06%] 9
vis|-1] 1 i | -i|-0%-6°] -0|-0"| 9
s |-1] 1 |—i|i|-05]-0%|-07|-0] 9
xviz| 0| 0 0]0] O 0 0 0 |10
x| 0] 0 |0|0]O 0 0 0 |11
x|l 0| 0| 0]0] O 0 0 0 |12
x20[ 0] 0|0 |0] O 0 0 0 |12
N4 4 4 4 8 8 8 8
Classes H G/H n
1+2+3+4+5+6+7+8+13+14+15+16 42 2|1
1+2+3+4+13+14 4x2 412
1+2+13 4 813
1+2+3+4+5+6+7+8+9+10+11+12 |8 x 2 214
1+2+3+4+5+6+7+8+17+18+19+20 | 4 x 2 2215 Z=0=9(
1+2+3+4+17+18+19+20 6
1+2+3+4+15+16 4x2 47
1+2+15+16 8
1+2+14 4 819
1+3+5+7 4 Dg |10
1+3+6+8 4 Qs |11
1+4 2 ngg(s) 12
1+2+3+4 22| 4x2|1n6
1+2 2| 8x2|2n8 G’
1+3 2 Ds4|2n10

Maximal subgroups: [4%], [8 x 2] x 2
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A°B)

6
AlO

(A6, B2, BA

= M16,2(9) =

32.22
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A7
A15

A3
All
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A A | A | ]| ] | o | o e ] ] T T T]N|N| N[N
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e2ni/8

0=
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C 13 14 15 16 17 18 19 20
# 2 2 2 2 2 2 2 2 X
vr|1 |1 |1 |1 |1 |1 |1 |1 |G
v2|-1|-1|-1|-1|-1|-1|-1]-1]|1
x|l |1 1 |1 [-1]-1]-1]-1]2
yal-1]-1]-1]-1f1 |1 |1 |1 |3
s |—i [—i |1 |1 |[-i|-i|i |i |4
xoli i =i =i i |-i]-il4
w7 | =i | =i [1 |0 [i |i |—i|-i]|b5
ys |1 =i | =i =i |-l I |5
o [O7 |0°|0° |0 |07 |0°|0°|0 |6
vi0|0° |07 |0 |0°]|06°|6" |0 |0°]|6
v [07 10° [0° |0 [0° |07 |0 |6°]|7
vi2|0° |07 |0 |0°]67 [06°]6° |0 |71
vi3|0 [0° 0% 07|06 |6°|0° |07 |6
vi2|0° |0 |07 |0°]|0° |06 |07 |0%|6
vis [0 |0° 0% |07 [0°|06 |07 |6°|7
vi6[0° |0 |07 |0%]0 [6°]0° |07 |7
viz|0 |0 |0 |O |O |O |O |O |O
vis|/0 |0 |0 |O |O |O [0 |O [O
x990 O |O |O |O |O |O |O |O
v20/0 |0 [0 |0 |O |O [0 |O |O
N 16 16 16 16 16 16 16 16
Classes H G/H
1{1+2+3+4+5+6+7+8+9+10+11+12 |8x2 2
211+2+3+4+5+6+7+8+13+14+15+ 16 16 2
3|1+2+3+4+5+6+7+8+17+18+19+ 20 16 2
411+2+3+4+9+10 4x2 4
511+2+3+4+11+12 8 4
6({1+2+9 22 8
711+2+10 4 8
8|1+2+3+4+5+6+7+8 8 22
911+2+3+4 414x2
1011+2 2(8x2

Maximal subgroups: [8 x 2], [16] x 2
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32.23 = Dis x 2 = (A8, B2, C2, BA = A"1B)

32.24 = Ms2® x 2 = (A%, B2, C?, BA = A°B)

32.25 = Q16 x 2 = (A8, B2 = A% C?, BA = A"!B)

32.26 = (A8, B2 = A% C2, CA = A"IC)

1 23 4 5 6 7 8 9 10 1 12 13 14
1|AY|B|AB|A2|AB| A |A3| AB | A®B| a2nc | aA2nBC | aA2n+lc | A2n+lBC
AS| A’TB| A7 | A°| ATB| AB

cC12 3 4 5 6 7 8 9 10 11 12 13 14

#1 1 1 1 2 2 2 2 2 2 4 4 4 4 X
wvl1l1 11 |1 2 ]2 ]2 |12 J1 |1 11 |1 [1 ]G
vl1]1 |1 |1 1 1|1 |12 |1 |1 [|-1|-1|-1]-1]1
va|1]1 |1 |1 [1 |1 (-1 |-1 |-1 |-1 |1 |1 |-1|-1]2
w111 |1 |1 f1 1 |[-1 |-1 |-1 |-1 [-1]-1]1 |1 |3
xs{1]1 |-1|-1f1 [-1]1 |1 |-1 |-1 |1 |-1]1 |[-1]4
ve|1l1 [-1 |-1 |1 |-1f1 |1 |-1 |-1 [-1]1 |-1]1 |5
v7|1]1 |1 |-1 |1 |-1f-1 |-1 |1 |1 [1 |-1|-1|1 |6
ve|1]1 [-1|-1f1 |-1f[-1 |1 |1 |1 ([-1]1 |1 |-1]|7
yol22 |2 |2 [-2|-2]0 |0 |0 |0 o |0 [0 |O |8
yol2]2 |2 -2 [-2]2 0o |o o |o o |0 |0 |0 |9
xuu|2|-2]2i |-2i[0 |0 [v2 |—\2|~2i |-V2i|0 |O |O |O |O
vi2|2| =212 |-2i{0 [0 |2 |~2 |—~2i|[~2i [0 [0 |0 |O |O
v13|2|=2|-2i|2i [0 [0 |v2 |—~2|—2i[~2i [0 [0 |0 |O |O
xae |22 ]=2i|2i [0 |0 [—N2]v2 [2i |-V2i|0 |O |O |O |O
N1 2 4 4 4 2 8 8 8 8 2 4 2 4
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Classes H GH n
1/1+2+3+4+5+6+7+8+9+10| 8x2 2|1
2(1+2+3+4+5+6+11+12 4 x 2 212
3/1+2+3+4+5+6+13+14 4 x 22 213
411+2+5+7+8+11+13 D16 214
5/1+2+5+7+8+12+14 Qs 215
6|1+2+5+9+10+11+14 Ms 216
7/1+2+5+9+10+12+13 Ms 217
8l1+2+3+4 4 Ds|8 Z=9
911+2 2| Dgx2|9
8[{1+2+5+7+8 8 22114
9|1+2+5+9+10 8 22116
10|1+2+3+4+5+6 4x2 22(1n2 2
11|1+2+5+11 Ds 221214
12[1+2+5+13 Ds 2247
13|1+2+5+12 Qs 22215
14(1+2+5+14 Qs 22516
15|1+2+5 4 22189 G'=®

Maximal subgroups: [8 x 2], [16.08] x 2, [D16], [Ms3®] x 2, [Q16]
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A-LC)
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(A B2 = A% C2, CA
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Classes H GIH n
1/1+2+3+4+5+6+7+8+9+10| 8x2 21
2(1+2+3+4+5+6+11+12 4 x 22 2|2
3[1+2+3+4+5+6+13+14 4 x 22 2|3
411+2+5+7+8+11+13 D16 214
5/1+2+5+7+8+12+ 14 Qs 215
6[1+2+5+9+10+11+14 Ms o® 216
711+2+5+9+10+12+13 Ms o® 217
8l11+2+3+4 4 Ds|8 Z=9
9l1+2+6 22 Ds|9
10]1+3 2 Dis | 10
11|1+4 2 Dis | 11
8|1+2+5+7+8 8 22114
9|1+2+5+9+10 8 221115
10(1+2+3+4+5+6 4x2 22(1n2 Z, =@
11[1+2+5+11 Ds 2224
12{1+2+5+13 Ds 22134
13|1+2+5+12 Qs 22215
14({1+2+5+14 Qs 22315
16|1+2+5 4 2249 G’
18[1+2 2| Dgx 2|48

Maimal subgroups: [8 x 2], [Ds x 2], [Da4]
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32.28 =(A* B*=A?,C?*= A%, CA=A"lC, CB = ABC)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
1|A%| AB? | AB? | A | B? B |A’B| AB® | B® | anc | ANB2C | ANBC | ANB3C
A3 | A’B2| AB | A’B | AB® | A’B®
c 1 2 3 4 5 6 7 8 9 10 11 12 13 14
# 1 1 1 1 2 2 2 2 2 2 4 4 4 4 XK
vl1l]1]1 ] 1]11]1 1 1 1 1 1111 1]G
vl1]1]1 ] 1]1]1 1 1 1 1 -1|-1(-1|-1]1
w31l 1 1 1 1 1 -1 -1 -1 -1 1 1 |-1]-1]2
vll| 11 1]11]1 -1 -1 -1 -1 |-1|-1(1]|1]|3
|11 |-1|-1]1]-1 i i —i —i 1 (11 |-i|4
xvell] 1 |-1/-1]11]-1 i i —i —-i |11 || 1i]5
|11 |-1|-1]11/|-1] —i —i i i 1 |1 -i|i]4
yel1| 1 [ -1 ]|-1]1]|-1| —i —i i i 11| i|[-i]|5
wl2]2]2]2]-=2|-=2] 0 0 0 o |o|lo|o]o]6
yol2] 2 |-2]-=2|-=2]2] 0 0 0 o [olo]o]o]7
yul2] 22 |-2]0]0| N2 | 2|2 ] 2]0[0]0]O0]S8
yel2|-2] 2|20 0f 2] V2|2 ~N2]0]0|0]O0]S8
|2 2|2 2|00 ~2i |\2i|2i|~2i|0]0]0][O0]9
ya|2] 2221002 ~2i | N2i |2i]0][0]0]O0]9
N1 2 2 2 4 4 8 8 8 8 4 4 4 4
Classes H GH n
111+2+3+4+5+6+7+8+9+10| 8x2 211
2|11+2+3+4+5+6+11+12 Qg x 2 212
3|11+2+3+4+5+6+13+14 Daa 213
411+2+5+11 Qs 414
5[1+2+5+12 Qs 415
6[1+2+3+4 22 Ds |6 Z=9
711+2+6 2116.0917
811+3 2 Q6|8
911+4 2 Q]9
10({1+2+3+4+5+6 4x2 2212 Zo=®
11)11+2+5 41 4x2|1~n4 G’
1211+2 4 Ds | 46

Maximal subgroups: [8 x 2], [Qs x 2], [Da4]
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32.29 = Dg4 = (A%, B*, BA = AB)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
1[A*|B?| A'B? | A2| A’B2| A | A®| AB? | A’B? | a2ng | A2nB3 | A2n+1R | A2n+1gs3
A5 | A°B2 | A7 | AS | A’B? | AB?
cC12 3 4 5 6 7 8 9 10 11 12 13 14
#1 1 1 1 2 2 2 2 2 2 4 4 4 4 K
vi|l1]1]1]1]11]1]1 1 1 1 11]1]1|1]G
vel|l1]1]1]1]11]1]1 1 1 1 |-1]-1]-1|/-1]1
v|l/1]1}]1]11}1)1-1]-1]-1]-1]1]1]-1|-1]2
xalll1]21 /1|1 ]1] 11| -1|-1|[-1]-1]1 13
ys|1| 11|11 |1 1 | 1 | 1| -1]i|-i|i]|-i|4
vell| 1 |-1|-1[1]-1] 1 1 | 1| -1 |-i|i|-i|1i][A4
7|11 |11 1|11 -1] 1 |1 |i|-i|-i|]i[5
vell| 11|11 |-1]-1|-1]| 1 |1 |<i|il|i]|-i|5
vwl2|/2|2|2]|-2|-2f 0] 0] 0| 0[0|0|0|0]6
xol2] 2 |-2|-2]=2]2]0]0]0o|0fojo|0o|O0]7
xul2|-2[2]-2|0[0[~N2|2[~2|~2]0]|0]0|0]8
v12|12|-2] 2|20 ]| 0|22 |2 ~N2]0|0[O0|O|SB8
xl2]-2[-2[2|0[0[~N2|2[~2]\2]0]|0]0|0]9
yia|2|-2]-2]2]0]0]N2[N2|2]|2]0[0[0]|0]9
N1 2 2 2 4 4 8 8 8 8 4 4 4 4
Normal subgroups
Classes H G/H n
1{1+2+3+4+5+6+7+8+9+10|8x2 211
2(1+2+3+4+5+6+11+12 Dasa 212
3(1+2+3+4+5+6+13+14 D44 2|3
411+2+5+7+8 8 414
511+2+5+9+10 8 415
6|1+2+3+4 2°| Dg|6 Z=N
7[1+2+6 4 Qs |7
8|11+3 2| Di|8
9|1+4 2| Q]9
10|1+2+3+4+5+6 Ax2| 2°(1n2 Z=®
1111+2+5 414x2|12n4 G
1211+2 2| Daal|dm6

Maximal subgroups: [8 x 2], [Daa4] x 2
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32.30 = Ms4® = (A%, B*, BA = A®B)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 A4 BZ A4BZ A2 AZBZ A A5 ABZ ASBZ AZnB AZnBS A2n+1B A2n+1B3
A8 | A®B? | A3 | A7 | A’B? | A'B?
cC12 3 4 5 6 7 8 9 10 11 12 13 14
#1 1 1 1 2 2 2 2 2 2 4 4 4 4 K
vl 1]1 1111 1 1 1 {111 |1]|G
vel1]1 111 ]1] 1 1 1 1 |-1/-1|/-1]-1]1
vs11/1 1111} -1 -1 |-1|-1|1]1|-1]-1]2
w1111 /1]-1|-1]-1|-1]-1|-1]1]1]3
w11 |-1]-1]1]-1] 1 1| 1| -2 i |-i|i]|-i|4
ve|l] 1 |[-1]-1{1|-1] 1 1 1| -1 |-i|i|-i| ][4
yr(l] 1 |-1|-1| 1 |-1f -1 ] 1] 1 | 1 |i|-i|-i|]]]5
vell| 1 |-1]-1]1|-1] -1 | -1 1 1 | —i| 1 |1 |=i]|b
vl2|2|2|2|-2/-2 0 | 0 ] O | 0O J]O|O0O|]0|O0]6
ywol2| 2 |-2|-2]-2|2] 0 0 0 0O |00 0]|0]7
yu|2|-2]2]-2]0] 0] ~2i |2i|\2i |-V2i|{0|[0|0]|0]8
yi2|2]-2] 2|2, 0|0 [~2i| v2i | \2i| N2i |0 | 0|0 |08
y13|2|-2]-2]2]0]0]|~2i | \2i|2i|v2i|]0][]0]0]0]9
a2 2|21 2100 |2i| ~2i | V2i |-V2i|{0[0]|0]0]9
~N1 2 2 2 4 4 8 8 8 8 4 4 4 4
Normal subgroups
Classes H G/H K

111+2+3+4+5+6+7+8+9+10|8x%x2 2|11
2(1+2+3+4+5+6+11+12 Dasa 2|2
3/1+2+3+4+5+6+13+14 D44 213
411+2+5+7+8 8 414
5/1+2+5+9 5
6]1+2+3+4 22 Ds| 6 Z=9
711+2+6 4 Qs |7

811+3 2 M8,2(3) 8

911+4 2 M8,2(3) 9
10{1+2+3+4+45+6 4 x2 22(1n2 Z, =@
1111+2+5 4| 4x2|2n4 G’
12(1+2 2 Dsa| 4m6

Maximal subgroups: [8 x 2], [Da4a4] x 2
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32.31 = (A% B% C? CB = ABIC)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
1/A2|A|A®| B B2 B | AB | A’B | AB? C AC BC ABC
AB3| A’B? | A’B | A’B3 | AB® | A®B?| ABC | A’BC | AB3C | A’B3C
A’C | AC | A’BC | A’BC
A3B2C | B?C |A%B3C| B3C
C12 3 4 5 6 7 8 9 10 11 12 13 14
#1 1 1 1 2 2 2 2 2 2 4 4 4 4 K
vill]1]1 |1 1 1 1 1 1 1111,/ 11]6G
vlfl]1] 1] 1| 1111 ]-1]1f1]1|-1|-1]|12
wal1] 1 | 1| -1 i |=af < [ i | i [1[21|-1]i]|-i|2
vall| 1| -1]-1] =i |[-1] 1| [ —i [ 1|1 |-1|-i|i]2
vs|1]1]1 |1 1 1 1 1 1 1]1-1|-1{-1|-1]3
6|1/ 1] 1 | 1) 1 11| -1 |- |1f[1]-1]/1]1]|4
vr{1] 1|11 i |[-1| -i | —i i | 1|11 |-i|i]5
wvell| 1 |-1]-1] - |[-1] 1| [ —i [ 1|-1]1|i]|-i|5
xol2|2]-2]-2] 0 [2] O 0 0O |[-2/0|0|0|0]6®6
ywol2| 2] 2 | 2 0O [-2] O 0 O |-210]0|0|0]|7
yuu|2|-2| 2 |-2i| 1+ | 0| 1-i |-1+i|-1-i| 0[O0 | 0| 0|0 ]O
yiz|2|-2|-2i| 2i | 1-i | O] 14i |[-1-i|-1+i| 0[O0 |0 |0 ]| O[O
yizs|2|-2| 21 |-2i|-1-i| 0|-1+i| 1-i | 1+i | O[O0 | 0| 0|0 |O
yia|2|-2|-2i| 21 |-1+i| 0 |-1-i| 1+i | 1-i |O[O0O |0 |0 |0 ]|O
N1 2 4 4 4 2 4 4 4 4 2 4 8 8
Normal subgroups
Classes H GH n
1/1+2+3+4+6+10+11+12 16.08 2|11
2(1+2+10+11 Dg 412
311+2+3+4+5+6+7+8+9+10 42 213
411+2+3+4+6+10+13+14 Mg ,®) 2|4
5(1+2+10+12 Qs 415
6([1+2+6 22 Ds | 6
7(1+2+3+4 4 Dg|7 Z=9
8[1+2+3+4+6+10 4x2 221173 Z2=®
911+2+10 41 4x2|12n3 G
1011+2 216.09| 26

Maximal subgroups: [4?], [16.08], [Ms2®]
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32.32 = (A8, B*= A% BA = A’B)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 A4 BZ A4BZ AZ AZBZ ASBZ ABZ A A5 AZnB AZnBS A2n+1B3 A2n+lB
A% | ASB? | A’TB? | A’B? | A3 | A7
c1l12 3 4 5 6 7 8 9 10 11 12 13 14
#1 1 1 1 2 2 2 2 2 2 4 4 4 4 K
vell]1]1 1 [11]1]1 1 1 1 1] 1]11]|6G
vl 1 1] 1]11]1]1 1 1 1 [-1]-1/-1|-1(1
w111 |1 f1(1})-1}-1]-1]-1]1]|1|-1|-1|2
xalll1] 1] 1|1 /1) 1]-1]-1]-1]-1]-1]1]1]3
vs1| 1|1 |12 |-1| 1 |1 | 1| -1]i|~-i|i]|-i|4
woll| 1| -1|-1|2|-1] 1 |1 | -1]|-1]-i|il|-i]i]l4
x| 1] 1|11 |11 1|1 |1 |i|-i|[-i]i]5
vell| 1| -1|-1|1|-1|-1] 1] 12 | 1 |=i|i]|i]|-i|5
vol2|2] 2| 2]|-2|-2] 0| 0 0 O J]0O|0]|0]|O0]®6
yol2/2|-2|-2]-=2/2[ 0] 0] 0 0 ]0O/0]0]|0]7
11|22 2i |-2i] 0| 0|2 |—~2]2i |2i]0]0]0]|O0]O
x2 2] 2] 2i |[-2i] 0|0 |~2|~2 |2i|\2i|0][0]0]0]0O
x3[2]-2[-2i| 2i |0 | 0| ~2 |~2|2i|\2i|[0]|0]0]0]O
xu|2|-=2]-2i| 2i ] 0] O ]2 N2 | 2i |[\2i[0 |00/ 0fO
N1 2 4 4 4 2 8 8 8 8 8 8 8 8
Normal subgroups
Classes H G/H
111+2+3+4+5+6+7+8+9+10| 8x2 211
2({1+2+3+4+5+6+11+12 Mg ,®) 2|2
3[1+2+3+4+5+6+13+14 Mg ,® 23
411+2+5+7+8 8 414
5(1+2+5+9+10 8 415
6|1+2+3+4 4 Dg| 6 Z=9
711+2+6 22 Qs |7
8[1+2+3+4+5+6 Ax2| 22[1n2 Z,=®
911+2+5 414x2]|3n4 G
10(1+2 2| Dss|dm6

Mazimal subgroups: [4%], [Ms2®] x 2
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32.33 = (A? B? C? D? E? EC = ACE, ED = BDE)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
1/A|{B|AB| C | BC | D | AD CD | ACD | A™B"E | A™B"CE | A"B"DE | A™B"CDE
AC | ABC | BD | ABD | ABCD | BCD

C1 2 3 4 5 6 7 8 9 10 11 12 13 14

#1 1 1 1 2 2 2 2 2 2 4 4 4 4 X
vw|/1/1 111,111 ]1(1]1]1]1]1]G
vl/1,/1 ;111,111 ]1|1]-1]-1]-1]-1]1
w1111 f{1,1f{1)-1]-1|-1]1 |1 -1[-1|2
wll/1 /111 }1f{-1}-1}|-1|-1]-1/-1]1]1]3
1,11 ,1|-1|-1]1|1]|-1/-1]1]-1|1]-1]4
wli] 1112212 ]-2]-a|-1]21]-1]1]F5
wil/ 1|1 ]1])]1]-1]-1]-1)1]1]1]-1/-1|1]F6
vl 11/ 1}-1/-1|]-1/-1]1]1)-1]1]1]|-1]7
xvol2|-2|2]|-2({0]0f2|-2]{0]0]J]0]0,0]O0]|8
Yol2/-212|-2]0]0]-2]2,0]0}J0]0]0 0]9
yul2|-2/-212]10]0]0]0}|2|-210]0|0] 0|10
yw2|2]-2]-212]10,0]0]0|-2]2(0]0|0]0]11
yizl2| 2 |-2|-2]12|-210]0|0]0f0]0]0 0|12
yual2|2 |-2]-2|-2{2]10]0]0]0])]0|0|]0]0]13
N1 2 2 2 2 2 2 2 2 2 2 4 4 4

[ omnia

f vanitas jz
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Classes H GH n
1+2+3+4+5+6+7+8+9+10 24 211
1+2+3+4+5+6+11+12 Dg x 2 212
1+2+3+4+5+6+13+14 16.09 2|3
1+2+3+4+7+8+11+13 Dg x 2 214
1+2+3+4+7+8+12+14 16.09 215
1+2+3+4+9+10+11+14 Dg x 2 216
1+2+3+4+9+10+12+ 13 16.09 217
1+3+7 22 Ds| 8
1+3+8 22 Ds|9
1+4+9 22 Ds | 10
1+4+10 22 Ds| 11
1+2+5 22 Ds| 12
1+2+6 22 Ds| 13
1+2+3+4+5+6 23 221112
1+2+3+4+7+8 23 22114
1+2+3+4+9+10 23 22116
1+2+3+4+11 23 22| 24
1+2+3+4+4+12 4x2 22125
1+2+3+4 22 23| 27 G'=Z=0=9
1+4 2  Dgx2]|2n10
1+2+3+4+13 4 x2 22134
1+2+3+4+14 4x2 2213m5
1+3 2| Dgx2]|8N9
1+2 2| Dgx2]|12n13
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14
ABC
AB®C

12 13

9 10 11

8

7

A-C, CB = B-IC)

6
A | AB?
A’ | A%B?

5

4
A?B?

3
BZ

(A% B* C2, CA

1 2

32.34

BC
B3C

B3C | A’B3C

AC
A’C
AB’C | A’BC | A’BC

B2C | A?

C
A2C
B°C

AZ

B2C | A

A’B3

A%B3

B|AB | AB | AB
A’B?

B3

AZ

1

10 11 12 13 14

9

8

1

1
2

10
11
12
13

-1
-1

-1
-1

-1

-1
1
-1

-1

-1
1
-1

1
1

1

1
-1

1
-1

1

1
-1
-1
-1
-1

1

-1
-1

1
1
-1
-1

0

-1
-1
1
1
-1
-1

0

1
1

1
1
-1
-1
—2

1
1

-1
-1
-1

-2 210

0
0

1
1
1
1
1
1

2| 2

—2

—2

—2
2
2

1
1
1
1
1
1
1
1
—2
—2

—2
—2
2

2| 2

2| 2
—2
—2

111
111
111
111
111
111
111
111
2| 2
2| 2
2

2

2

2

1

X

A2
X

3

x4

x5

X6

X7

x8

X0
X10

11

X12

x13

A 14

N1 o2
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Classes H G/H
1{1+2+3+4+5+6+7+8+9+10 42 2
211+2+3+4+5+6+11+12 Dgx 2 2
3/11+2+3+4+5+6+13+14 Dgx 2 2
411+2+3+4+7+8+11+13 Dgx 2 2
511+2+3+4+7+8+12+14 Dgx 2 2
611+2+3+4+9+10+11+14 Dgx 2 2
711+2+3+4+9+10+12+13 Dgx 2 2
8l11+2+5 4 Ds
911+2+6 4 Ds
10|1+3+7 4 Ds
1111+3+8 4 Ds
1211+4+9 4 Ds
13|11+4+10 4 Ds
14|1+2+3+4+5+6 4x?2 22
15(1+2+3+4+7+8 4x2 22
16|1+2+3+4+9+10 4x?2 22
17|1+2+3+4+11 23 22
1811+2+3+4+12 23 22
1911+3 2| Dgx2
2011+4 2 | Dgx2
2111+2+3+4+14 23 22
2211+2+3+4+13 23 22
2311+2 2 | Dgx2
2411+2+3+4 22 28

Maximal subgroups: [4?], [Ds x 2] x 6

122

© 0 ~NO Ol wWwhNEFE D



A-lC, CB = B-IC)

7

(A% B* C2= A2 CA

2

32.35 =

14

13

12

11

10

9

8

4 5 6

3

1
1

0LOL
L D
<Y
O
m%m§
O
C%%W
AAA3
<
O
O oOd
O o M
ma
<M
T &
<<
m ™
<
mm
<L
0
g
<<
<L
o
<
m
P:¢

10 11 12 13 14
4

9
2

8
2

1
2

10
11
12
13

-1
-1

-1
-1

-1

-1

1

1

-1

-1
1
—1

-1
1

1

1
-1

1
-1
1

1
-1
-1
-1
-1

1

-1
-1
1
1
-1
-1

0

-1
—1
1
1
-1
—1
0

1
1

-1
-1
-1
—2

-1
-1
-1

21210

0
0

1
1
1

2| 2

—2

—2

—2
2
2

1

1
—2
—2

—2
—2

2| 2

2| 2
—2
—2

2| 2
2| 2
2
2

2
2

X0
X10

11

X12

x13

A 14

2

N1 o2
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Classes H G/H n
111+2+3+4+5+6+7+8+9+10 42 211
211+2+3+4+5+6+11+12 Qs x 2 212
3[1+2+3+4+5+6+13+14 Qs x 2 213
411+2+3+4+7+8+11+13 Qs x 2 214
511+2+3+4+7+8+12+14 Qs x 2 215
6(1+2+3+4+9+10+11+14 Daa 216
711+2+3+4+9+10+ 12+ 13 Daa 217
8l11+2+5 4 Ds | 8
9[1+2+6 4 Dsg |9
10{1+3+7 4 Qs | 10
11{1+3+8 4 Qs 11
12|11+4+9 4 Qs |12
13(1+4+10 4 Qs |13
14|11+2+3+4+5+6 4x2 2212 &
15|1+2+3+4+7+8 4 x2 22| 14
16[1+2+3+4+9+10 4x2 22| 116
17|11+2+3+4+11 4 x2 22| 214
18|1+2+3+4+12 4 x2 22| 2m5
19[1+3 2| Qs x2|2n10
20[1+4 2| Qsx 2212
21(1+2+3+4+13 4x2 22| 3n4
22|11+2+3+4+14 4 x2 22| 3n5
23|11+2 2| Dgx2|4n8
2411+2+3+4 22 22114015 G'=Z=0@

Maximal subgroups: [4?], [Qs x 2] x 2, [Daa4] x 4




14
ACD
ABCD

12 13
AD

11

10
A3C

8

A’C
A3B | BC | A?BC | ABC | ABC | A?D | ABD

A-'D, DC = BCD)
9

7
C

4 S 6

3

1 2

32.36 = (A% B2, C? D2 DA

ACD

CD
BCD
A’CD

A’D

D

BD
A?BD | A’BD | A’BCD | A’BCD

AC

A3

B|AB| A | AB

A2

1

10 11 12 13 14
4

9
2

8
2

1
2

4

10
11
12

-1
-1

-1

1
1

-1
-1
1

-1
-1

-1
1
-1

-1]1

-1

-1

1
-1

1
-1]1

1

1
-1
-1
-1
-1

1

—2i

-1
-1
-1
-1

1

2i

-1
-1

1
-1
-1

0

-1
-1
1
1
-1
-1

0

1
1
-1
-1
-1
-1
—2

1
1
-1
-1
-1
-1

-2 210

0
0

1
1
1
1
1
1

2| 2

—2

—2

—2
2
2

1
1
1
1
1
1
1
1
—2
—2

—2

2| 2

2| 2
—2

111
111
111
111
111
111
111
111
2| 2

2
2
2

Y1

X2

%3

A4

x5

A6

X7

X8

%9

x10 2 2

11

Y12

Y13

[ 2] -2] -2

2

N1o2
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21
22

Classes H G/H
1+2+3+4+5+6+7+8+9+10| 4 x 22 2
1+2+3+4+5+6+11+12 Dgx 2 2
1+2+3+4+5+6+13+14 D44 2
1+2+3+4+7+8+11+13 Dg x 2 2
1+2+3+4+7+8+12+14 Dsg x 2 2
1+2+3+4+9+10+11+14 16.09 2
1+2+3+4+9+10+12+ 13 16.09 2
1+2+5 4 Ds
1+2+6 4 Ds
1+3+7 22 Ds
1+3+8 22 Ds
1+4 2| 16.08
1+2+3+4+5+6 4x2 22
1+2+3+4+7+8 23 22
1+2+3+4+9+10 4 x2 22
1+2+3+4+11 23 22
1+42+3+4+12 23 22
1+3 2| Dgx2
1+2+3+4+13 4 x2 22
1+42+3+4+14 4x2 22
1+2 2| Dgx2
1+42+3+4 22 28

©oO~NO O w9

12

14

16

2n4

2M5

2n10

34

3M5

48

12113 G'=Z=0=9

Maximal subgroups: [4 x 22] x 2, [Ds x 2] x 3, [16.09] x 2, [Da.]
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32.37 =(A* B?= A? C? D? BA = A'B, DB = BCD)

1 2 3 4 S 6 7 8 9 10 11 12 13 14
1|A2[c|ACc|A|AC|D|AD | AD |[AD| B | AB | BD | ABD

A3 | A3C | CD|ACD | ASCD|ACD| BC | ABC | BCD | ABCD

A’B | AB | AZBD | A®BD

A’BC | A’BC | A’BCD | A’BCD

C1l12 3 4 5 6 7 8 9 10 11 12 13 14
#1 1 1 1 2 2 2 2 2 2 4 4 4 4 X
walt] 222122 ]a]1]1]1]c
weltlalalafalalala]rr|alalala]e
welt] 12111 |ala]lal-a|1]1[-1]-1]2
el 12211 |a]a]a[-a]|a[af[1]1]3
AR EIE R EE e nET
weltl ]l i]alaf1lafalalala]ala]s
vl 1|11 ]a]afa]af1][1]1]a]-1]1]6
vell| 11 [1]a]afa]af1 [ ]a]1]1][a]7
wl2] 2 [-2[-2[2]-2[o o [o[o]o]o]o |0]s®8
wol2] 2 ]2]-2]-2]2JoJoJo]Jofolofo]o]o
yul2]|-2]2]2]o]o]2]—2]0]0ofof[ofo]o0]10
we|2]-2]2]=2]olo]2]2]o]ofolofolofn
ws|2]-2]-=2]2]oJoJofo]2i|-=2]0]0of0o]0]1
wa|2]2]2]12]oJofJofJo]-2il2ifolofo]o]1
N1o2 2 2 4 4 2 2 4 4 4 4 4 4

N R e oD
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Classes H G/H n
111+2+3+4+5+6+7+8+9+10| 4 x22 211
211+2+3+4+5+6+11+12 Qsgx2 212
3([1+2+3+4+5+6+13+14 D44 213
411+2+3+4+7+8+11+13 16.09 214
511+2+3+4+7+8+12+14 16.09 215
6[1+2+3+4+9+10+11+14 Qs x 2 216
711+2+3+4+9+10+12+13 Qs x 2 217
8l1+2+5 4 Ds| 8
911+2+6 4 Ds |9
1011+3+7 22 Qs] 10
11]11+3+8 22 Qs 11
1211+4 2| 16.08|12
13|11+2+3+4+5+6 4x2 2211M2
1411+2+3+4+7+8 23 22|14
15[1+2+3+4+9+10 4x2 221116
16|1+2+3+4+11 4x2 22| 214
1711+2+3+4+12 4x2 22125
1811+ 3 2| Qgx2|2n10
19[1+2+3+4+13 4x2 22134
20(1+2+3+4+14 4x2 22135
2111+2 2| Qgx2|4m8
22(1+2+3+4 22 2313114 G'=Z=d =91

Maximal subgroups: [4 x 27], [Ds x 2] x 3, [16.09] x 2, [Da4.4]
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14
ACD
ABD | ABCD

13
A®D

AD

12

11

10

9
AC | ABC

B | A3BC | A%C

8

7

6

5
C

4

1 2 3

1

32.38 = (A% B? C? D? DA = ABD, DC = A’CD)

A3CD

CD
BCD
A’CD

D
BD
A’D
A2

BD | A2BCD | A°BD | ABCD

A | A

BC | AB | A®

BC

A’C | A?

B

B | A?

2

A

10 11 12 13 14

9

8

1
2

4

10
10
11
11

-1
-1

-1
1
1

-1
-1
1

-1
-1

-1
1
-1

-1]1

-1

0

-1

1
-1

1
-1]1

1

0

1

1
-1
-1
-1

1

—2i
21

-1
-1
-1
-1

1

0
2i

—2i

-1
-1

1
-1
-1

0

—2i
21

-1
-1
1
1
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0

2i

—2i

1
1
-1
-1
-1
-1
—2

-1
-1
-1
-1

-2 210

0
0

1

1
1
1
1
1
1
2] 2
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2
2
2

1
1
1
1
1
1
1
1
—2
—2

2| 2

111

111

111

111

111

111

111

111

2| 2

2

1

X
X
X

2

3

x4

x5

X6

X7

p &)

X110 2 2

11

xi2]2|-2] 2

x3|2|-2]|-2

|2 -2]-2

2

N1o2
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Classes H G/H

N
1{1+2+3+4+5+6+7+8+9+10| 4 x 22 2|1
211+2+3+4+5+6+11+12 Dgx 2 212
3[/11+2+3+4+5+6+13+14 16.09 213
411+2+3+4+7+8+11+13 16.09 214
5/1+2+3+4+7+8+12+14 Daa 215
611+2+3+4+9+10+11+14 16.09 216
7(1+2+3+4+9+10+12+ 13 Daa 217
8|l1+2+5 22 Ds| 8
9|1+2+6 22 Ds |9
101 +3 2| 16.08 |10
1111+4 2| 16.08 (11
12(1+2+3+4+5+6 23 221112
13|1+2+3+4+7+8 4 x2 22| 14
1411+2+3+4+9+10 4x2 22116
15({1+2+3+4+11 23 22| 24
16[1+2+3+4+12 4x2 22125
17|1+2+3+4+13 4x2 22134
18|1+2+3+4+14 4x2 221315
1911+2 2| Dgx2|4n8
2011+2+3+4 22 22112113 G'=Z=® =9

Maximal subgroups: [4 x 22], [Ds " 2], [16.09] N 3, [Da4] N 2

130



14
ABC
AB®C

12 13

9 10 11

8

7

A-C, CB = B-IC)

6
A | AB?
A% | A’B?

5

3 4
A%B?

(A% B* C2, CA

1 2

32.39

BC
B3C
A’BC | A’BC

AC
AB2C
A3C

C
A2C
B°C

B2C | A’B2C | A’B3C | AB3C

A2

AB3

A’B3

B|AB | AB |A’B
A’B?

BS

BZ

A2

1

10 11 12 13 14

9

8

1

C

1
2

4

10
10
11
11

-1
-1

-1
1
1

-1
-1
1
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-1
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1

1
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-1

1
-1

1
-1]1
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2| 2

111
111
111
111
111
111
111
111
2| 2

2

A1
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A3

x4
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X6

X7

p &)

X110 2 2

11
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|2 -2]|-2
|2 -2]-2

2

N1o2
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Classes H G/H

N
111+2+3+4+5+6+7+8+9+10 42 211
211+2+3+4+5+6+11+12 Dg x 2 212
3[1+2+3+4+5+6+13+14 16 213
411+2+3+4+7+8+11+13 16.09 214
511+2+3+4+7+8+12+14 16.09 215
6[1+2+3+4+9+10+11+14 16.09 216
711+2+3+4+9+10+12+13 16.09 217
8l1+2+5 4 Ds|8
911+2+6 4 Ds|9
1011+3 2 24110
1111+4 2| Dgx2]|11
1211+2+3+4+5+6 4x2 221112
13|1+2+3+4+7+8 4 %2 22| 114
1411+2+3+4+9+10 4x2 221116
15{1+2+3+4+11 28 22| 24
16|1+2+3+4+12 28 22125
17|1+2+3+4+13 4% 2 221314
18|1+2+3+4+14 4% 2 221315
1911+2 2| Dgx2|4m8
2011+2+3+4 22 23112113 G'=Z=®=N

Maximal subgroups: [4?], [Ds x 2], [Qs x 2], [16.09] x 4
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00 NO Ok WDNPE-

Classes H G/H
1+2+3+4+5+6+7+8+9+10 D44 2
1+2+3+4+5+6+11+12 Dgx 2 2
1+2+3+4+5+6+13+14 D44 2
1+2+3+4+7+8+11+13 16.08 2
1+2+3+4+7+8+12+14 4 x 22 2
1+2+3+4+9+10+11+14 4 x 22 2
1+2+3+4+9+10+12+13 4 x 22 2
1+2+5 4 Qs
1+2+6 4 Qs
1+3 2| 16.08
1+4 2| 16.08
1+2+3+4+5+6 4x2 22
1+2+3+4+7+8 4x2 22
1+2+3+4+9+10 4 %2 22
1+2+3+4+11 23 22
1+2+3+4+12 23 22
1+2+3+4+13 4x2 22
1+2+3+4+14 4x?2 22
1+2 2 Qs x 2
1+2+3+4 22 23

Maximal subgroups: [4?], [D44] x 6

@OO\IO)O‘IAOONI—‘)

el
= O

1n2
14
16
24
2M5
34
3M5
48
12113 G'=Z=0 =9

134



14
ABC
AB®C

12 13

A?BC)
10 11

9
AB | A’B
A’B?

AB3

8

7

A-'B?C, CB
B

6

5

4

3

(A% B* C2, CA
A2

2

32.41
1

BC
B3C
A’BC | A’BC

AC
ABZC
A3C

A?B2C | ASB2C | A’B3C | A’B3C

C
A2C
B°C

B3

AB | A’B?

A3
A3B?

A
A’B?

BZ

1| A%B?

10 11 12 13 14

9

8

3
1
1
1
1
1
1
1
1
1
—2
—2

C1 2

1
1
1
1
1
1
1
1
1

# 1 1

4

10
10

-1

1
1

-1|-1|1
-1]-1]2

1

-1
-1

-1
1
-1

-111

-1

0

-1
1
-1
1

-1/ 1
1

0

1

1
-1
-1
-1

1

—2i

21

-1
-1
-1
-1
1

0
2i

—2i

-1
-1

1
-1
-1

—2i

2i

-1
-1
1
1
-1
-1

0
2i

—2i

1
1
-1
-1
-1
-1
—2i

2i

0

-1
-1
-1

—2i
0
0

2| 2i

—2

—2

—2
2
2
2

111
111
111
111
111
11
111
111
2| 2

A1

)

A3

x4

x5

X6

X7

p &)

p &

X110 2 2

yu|2|-2] 2

2|2 -2] 2

|2 | -2[-2

|2 -2|-2

2

N1 2
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Classes H G/H n
1[{1+2+3+4+45+6+7+8+9+10 42 211
211+2+3+4+5+6+11+12 16.09 212
3|1+2+3+4+5+6+13+14 Daa 213
411+2+3+4+7+8+11+13 16.09 214
511+2+3+4+7+8+12+14 Daa 215
6[1+2+3+4+9+10+11+14 16.09 216
7(1+2+3+4+9+10+12+13 Das 2|7
8l1+2 2116.081|8
911+3 2116.08 (9
10]1+4 2116.08 110
1111+2+3+4+5+6 4x2 221112
12|1+2+3+4+7+8 4x2 22| 14
13[1+2+3+4+9+10 4x2 221116
14({1+2+3+4+11 28 22| 24
1511+2+3+4+12 4x2 221215
16[1+2+3+4+13 4x?2 22134
17|1+2+3+4+14 4x2 221315
18|11+2+3+4 22 2229 G'=zZ=0=9

Maximal subgroups: [4?], [16.09] x 3, [Da44] x 3
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11 12 13 14 15 16 17

A’BC, DA = A'D)

10

9

8

4 5 6 7

(A%, B2=C2=D?=A? CB

32.42 =
1 2 3

A% A’B|A%B|A%C|AC|A’BC|ABC|A’D |AD |A2BD |A°BD|A%CD|ACD| A’BC | A’BC

1|/A2lA| B |AB| C |AC| BC |ABC| D |AD| BD |ABD| CD |ACD| BCD |ABCD

3 14 15
2 2

1
2

12
2

11

10
2

10
11
12
13
14
15

-1

-1

-1

-1

-1

1
-1

1

-1

1

-1

-1

-1

-1

-1

-1
-1

-1

1

-1
-1

-1

1

-1

-1
-1

1

-1

-1
-1

-1

1
1

-1

1

1

-1

—4

%10

11

12

x13

xX14

X15

X16

X17

Nl

M

<

Z
3
v

JARVERNS |

M
e, AL

N\

e T b e
e

=——

e

e
- —
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O OWoO~NO Ok WN -

Classes H G/H
1+2+3+4+5+6+7+8+9 16.08 2
1+2+3+4+5+10+11+12+13| 16.08 2
1+2+3+4+5+14+15+16+17 | Dgx 2 2
1+2+3+6+7+10+11+14+15| 16.08 2
1+2+3+6+7+12+13+16+17 | Dgx 2 2
1+2+3+8+9+10+11+16+17| 16.08 2
1+2+3+8+9+12+13+14+15|Dgx 2 2
1+2+4+6+8+10+12+14+16| 16.08 2
1+2+4+6+8+11+13+15+17| 16.08 2
1+2+4+7+9+10+12+15+17 | Dgx 2 2
1+2+4+7+9+11+13+14+16 | Dgx?2 2
1+42+5+6+9+10+13+14+17 |Dgx 2 2
1+2+5+6+9+11+12+15+16 | Dgx 2 2
1+2+5+7+8+10+13+15+16 | Dgx 2 2
1+2+5+7+8+11+12+14+17 | Dgx 2 2
1+2+3+4+5 4x2| 22
1+2+3+6+7 A4x2| 2°
1+2+3+8+9 4x2| 22
1+2+4+10+12 A4x2| 2°
1+2+4+11+13 A4x2| 2°
1+42+6+10+ 14 4x2| 22
1+2+6+11+15 A4x2| 2°
1+2+8+10+16 4x2| 22
1+2+8+11+17 4x2| 22
1+2+5+14+17 23| 22
1+2+5+15+16 23| 22
1+2+7+12+17 23| 22
1+42+7+13+16 23| 22
1+42+9+12+15 23| 22
1+2+9+13+14 23| 22
1+2+3+12+13 Dg| 22
1+2+3+14+15 Dg| 22
1+2+3+16+17 Dg| 27
142+4+7+49 Dg| 27
1+2+4+14+16 Dg| 22
1+2+4+15+17 Dg| 22
1+2+5+6+9 Dg| 22
1+42+5+7+8 Dg| 22
1+42+5+10+13 Dg| 27
1+2+5+11+12 Dg| 22
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41
42
43
44
45
46
47
48
49
50
o1
52
53
54
55
56
S7
58
59
60
61
62
63
64
65
66

1+2+6+12+16|Dg|2?
1+2+6+13+17|Dg| 2?
1+2+7+10+ 15| Dg| 22
1+2+7+11+14|Dg| 2?
1+2+8+12+ 14| Dg| 2?
1+2+8+13+15|Dg|2?
1+2+9+10+ 17| Dg| 22
1+2+9+11+16| Dg| 22
1+2+3+10+11|Qs| 22
1+2+4+6+8 |Qs]|2?
1+2+3 423
1+2+ 4 4123
1+2+6 4|23
1+2+8 4|23
1+2+10 423
1+42+5 22|23
14247 22|23
1+2+9 22128
1+2+12 22|23
1+2+13 22|23
1+2+14 22|23
1+2+15 22|23
1+2+16 22|23
1+2+17 22|23
1+2+11 22|23
1+2 212*|G'=zZz=d =91

Maximal subgroups: [Ds x 2] x 9, [16.08] x 6

2, W

7 ///},(«"V

ST A
'fif'fi%//ﬁf

i,

2

% 7
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9 10 11 12 13 14 15 16 17

8

5 6 7

4

(A% B2=C?=A? D? CB =A’BC, DA = A'D)
1[AZ[A] B [AB] C [AC] BC [ABC

32.43 =
1 2 3

D |AD| BD |ABD| CD |ACD | BCD |ABCD

A3 A’B|A’B|A’C|ASC|A’BC|ABC|A%CD|AD |A’BD|ABD|A’CD|ACD| A’BC | A’BC

10
11
12
13
14
15

-1

-1

-1

-1

-1

1

—4

%10

11

12

%13

x14

X15

X16

X17

~nol
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O NOoO OlThs WN B

Classes H G/H
1+2+3+4+5+6+7+8+9 16.08 2
1+2+3+4+5+10+11+12+ 13| 16.08 2
1+2+3+4+5+14+15+16+17 | Qgx 2 2
1+2+3+6+7+10+11+14+15| 16.08 2
1+2+3+6+7+12+13+16+17 | Qgx 2 2
1+2+3+8+9+10+11+16+17| 16.08 2
1+2+3+8+9+12+13+14+15| Qgx 2 2
1+2+4+6+8+10+12+14+16 | Qg x 2 2
1+2+4+6+8+11+13+15+17 | Qgx?2 2
1+2+4+7+9+10+12+15+ 17| 16.08 2
1+2+4+7+9+11+13+14+ 16| 16.08 2
1+2+5+6+9+10+13+14+ 17| 16.08 2
1+42+5+6+9+11+12+15+16| 16.08 2
1+2+5+7+8+10+13+15+16| 16.08 2
1+2+5+7+8+11+12+14+ 17| 16.08 2
1+2+3+4+5 4x?2 22
1+2+3+6+7 4x2 22
1+2+3+8+9 4x?2 22
1+2+4+6+8 Ds 22
1+2+4+7+9 Ds 22
1+2+5+6+9 Ds 22
1+2+5+7+8 Ds 22
1+2+3+10+11 Ds 22
1+2+3+12+13 Ds 22
1+2+4+10+12 4x2 22
1+2+4+11+13 Ax2| 22
1+2+5+10+13 Ds 22
1+2+5+11+12 Ds 22
1+2+3+14+15 Ds 22
1+2+3+16+17 Ds 22
1+2+4+14+16 Ds 22
1+2+4+15+17 Ds 22
1+2+5+14+17 4x?2 22
1+2+5+15+16 Ax2| 22
1+2+6+10+14 4x?2 22
1+2+6+11+15 4x2 22
1+2+7+10+15 Ds 22
1+2+7+11+14 Ds 22
1+2+6+12+16 Ds 22
1+2+6+13+17 Ds 22
1+2+7+12+17 4x2 22
1+2+7+13+16 Ax2| 22
1+2+8+10+16 4x2 22
1+2+8+11+17 4x2 22
1+2+9+10+17 Ds 22
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46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

1+2+9+11+16 Ds | 22
1+2+8+12+14 Ds | 22
1+2+8+13+15 Ds | 22
1+2+9+12+15|4x 2|22
1+2+9+13+14 [ 4x2 |22
1+2+3 4128
1+2+4 4128
1+2+5 22|28
1+2+6 4128
1+2+7 22|28
1+2+8 4123
1+2+9 22|28
1+2+10 22| 23
1+2+11 22| 28
1+2+12 4128
1+2+13 4123
1+2+14 4128
1+2+15 4123
1+2+16 4123
1+2+17 4128
1+2 2|24

6M11
78
79
7n10
711
1617
19120
33n34
35n36
37M38
4344
45M46
4345
4446
47149
4850
47150
4849
42143
4445

G!

=Z=0=9%

Maximal subgroups: [Qs x 2] x 5, [16.08] x 10
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32.44 = (A% B? C? BA=A°B, CA=A"C)

1 2 3 4 5 6 7 8 9 10 11
L{A*|A2| B |A’B | p20+1 | p20+1g | A20 | A20gc | A2TH | a20Flge
A° | A'B | A°B
c1 2 3 4 5 6 7 8 9 10 11
#1 1 2 2 2 4 4 4 4 4 4 K
voll/ 11111111111 ]1]1]1|G
vl1/1]11]11]1|1|1]|-1]-1[-1]-1|1
wll] 1111 |a]af1]1|-1]-]2
vl 11|21 |-a]-1]-a][-2f[21]1]3
sl 1|1 |-1]-1]1|1]1[-1|[1][-1]4
vll|/1]1]|-1]-1|]1|-1]-1]1([-1]1]5
vl 1|1 ]-1|-1]-1| 1|1 |-1|[-1]1]F6
well] 1] 11|21/ 1|a]1|[1]-f7
vol2|2]1-2]12]|-210[0]0]0f[0)] 0|38
yol2|2|-2]1-2]12]10]0]0[0]0]0]9
xi1/4/-410]1]0]0[0]0J0O|]0]J0]0]O0
N1 2 4 2 4 8 8 2 2 2 4
Classes H G/H N
1|11+2+3+4+5+46+7 | Mg,® 2|1
2(1+2+3+4+5+8+9 |[Dgx2 2|2
3/11+2+3+4+5+10+11| 16.08 213
411+2+3+6+8+10 D16 214
5{1+2+3+6+9+11 Mg ,©) 2|5
6(1+2+3+7+8+11 Mg ,®) 2|6
711+2+3+7+9+10 D16 217
8|11+2+4 22 Dg| 8
9|1+2+5 4 Dg|9
10{1+2+3+4+5 4 x2 2?12 Z
11{1+2+3+6 8 2214
12|1+2+3+7 8 22116
13[1+2+3+8 Ds 2224
1411+2+3+9 Dg 221215
15(1+2+3+10 Ds 221314
16|1+2+3+11 Qs 221315
17[1+2 2| Dgx2|4m8  Z=ox
1811+2+3 4 2111112 G'=@

Maximal subgroups: [Ds x 2], [16.08], [Ms2®)], [D1s], [Ms2®] x 3
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32.45 = (A% B2 C?=A* BA=AB, CA=AC)

1 2 3 4 5 6 7 8 9 10 11
LAY A% B |AZB | p20*1 | a20+1g | A20G | A20Rc | A2M*1E | A20HlR e
A% | A'B | A°B
c1 2 3 4 5 6 7 8 9 10 11
#1 1 2 2 2 4 4 4 4 4 4 XK
vol1/1]11]11 1|1 1]11]1]1]1]G
vl1/1]11]11 1|1 |1]|-1]-1[-1]-1]1
wlll 11|11 fa|-1]1|1f[-1]-1]2
valt| 21|11 ]-1|-1|-1]-2a[21]1]3
vs|1] 1|1 |[-1]-1]1|-1]1]|-1]1|-]4
vw/1l/1]1]|-1]-1|]1|-1]-1]1(|-1]1]5
(1|11 [-1[-1]-1|1 |1 ]-2|[-1][1]6®6
xell/ 1] 1] 1]|-1|-1]|1]|-1]1f1]-1[7
xvol2| 211212210, 0]0]0[0]0]S8
yol2| 2 |-2]-2]/2]0]0]0]0]0|0]9
yu|4|-4/0]0]0]0]0]0]0]0O0|0]O
N1 2 4 2 4 8 8 4 4 4 2
Classes H GH n
1{1+2+3+4+5+6+7 Mg 2® 211
2[1+2+3+4+5+8+9 |Qgx2 2|2
311+2+3+4+5+10+11| 16.08 213
4({1+2+3+6+8+10 Q16 2|4
5/1+2+3+6+9+11 Mg 2® 215
6|1+2+3+7+8+11 Mg ® 216
711+2+3+7+9+10 Qs 217
8l1+2+4 22 Ds| 8
911+2+5 4 Ds|9 o
10/1+2+3+4+5 4% 2 2212 Z»
11{1+2+3+6 8 22114
12|1+2+3+7 8 22116
13]1+2+3+8 Qs 221214
14|11+2+3+9 Qs 221215
15]11+2+3+10 Qs 22134
16]1+2+3+11 Ds 221315
1711+2 2| Dgx2|4m8 Z
1811+2+3 4 22110111 G'=®

Maximal subgroups: [Qs x 2], [16.08], [Ms2®], [Ms2®] x 2, [Q16] x 2
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32.46 = (A%, B? C? D* DB = ABD, DC = ABCD)

12 3 4 5 6 7 8 9 10 11
L|A| B | D | BD® | AMgfc | AMB"cD? | AMB"D | A™B"D? | ATB"CD | A™B"CD?
AB | AD? | ABD?
c1 2 3 4 5 6 7 8 9 10 11
#1 1 2 2 2 4 4 4 4 4 4 K
voll/ 11111111111 ]1]1]1|G
vl1/1]11]11]1|1|1]|-1]-1[-1]-1|1
welll 221|121 ]1]-1]1]2
wli 1ol 1l ]1]3
wlil 1111 alil-i i | 4
xell| 1 {1 [-1]-1] 1 |-2f-i] 1 ]|-i]1]4
|1 1|1 |-1|-1]-1| 1| i |-if-i|]1]6H5
weltl 2l a1l a]-al 1]l i]il-i]s
vol2|2]1-2]12]-210[0]0]0f[0)] 0|6
Ywol2| 2|-2]-2/2]10]0[0[0]0 0|7
yu1!4/-4{0]0]0]0]0]JO0O[0]JO]0]O0
N1 2 2 2 2 2 4 4 4 4 4
Classes H G/H n
1{1+2+3+4+5+6+7 |Dgx?2 211
211+2+3+4+5+8+9 16.09 212
311+2+3+4+5+10+11| 16.09 213
411+2+3+6 23 414
5|11+2+3+6+7 4x?2 415
6[1+2+4 2| Ds|6
711+2+5 2? Ds| 7
8[1+2+3+4+5 22| 2?|1n2 Z=®
911+2+3 2°| 4x2|24 G
10(1+2 2116.09(4n6 Z=

Maximal subgroups: [Ds x 2], [16.09] x 2
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3247 = (A8, BZ, C2, BA=A"'B, CA= ABC)

1 2 3 4 5 6 7 8 9 10 11
1Al B |A?2|AB| C A’C | A | A2 | AC | AC
A'B|AS| AB| BC |A’BC| AB | A°B | ABC | ABC
AC | A’C | AS | AT | ASC | A'C
A‘BC | ABC | AB | A’B | A°BC | A’BC

c1 2 3 4 5 6 7 8 9 10 11
#1 1 2 2 2 4 4 4 4 4 4 XK
vol1/ 11111111111 ]1]1]1]G
vl1/1]11]11 1|11 ]|-1]-1[-1]-1]1
w1/ 1|11 |1 |-1|-1|1]1f[-1]-1]2
valt| 21|11 ]-1|-1|-1]-2a[21]1]3
vs|1] 1 | 11|21 |-1)i|-i]i]|-i]|4
vell| 1| 1 |11 1 |-1]-i| 1 |-i|]1]4
1] V||| 1|11 |i|~i[-i]i][5
welll L] 1] -a|-a]1]-i]ifi]-if5
xvol2| 211212210 0]0]0[0]0]6
xlo 2 2 —2 —2 2 0 0 O O 0 0 7
yu|4|-4/0]0]0]0]0]0]0]0O0|0]O
N1 2 2 4 4 2 2 8 8 8 8
Normal subgroups
Classes H G/H n
1{1+2+3+4+5+6+7 Dg x 2 211
2|11+2+3+4+5+8+9 | Mg,® 2|2
3/1+2+3+4+5+10+ 11| Mg,® 213
411+2+3+6 23 414
5/1+2+3+7 23 415
6|1+2+4 4 Ds| 6
711+2+5 4 Ds| 7
8[1+2+3+4+5 4x2 2°(1n2 Z=@
9(1+2+3 22| 4x2|2n4 G =ox
10]1+2 211609146 Z

Maximal subgroups: [Ds x 2], [Ms2®] x 2
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32.48 = (A% B? C? BA = A°B, CA = ABC)

1 2 3 4 5 6 7 8 9 10 11
1/A* B |A?|AB C A’C | A | A°| AC | AC
A‘B|A® | AB| BC |A?’BC| AB | A°B| ABC | A’BC
A‘C | AC | A | A" | AC | A'C
A*BC | A°BC | AB | A’B | A°BC | A'BC
C1 2 3 4 5 6 7 8 9 10 11
# 1 1 2 2 2 4 4 4 4 4 4 K
vl 11111111111 ]1|1|1]G
vl1/1]11]11]1]1]|1(|-1]-1|-1|-1]1
well| 11|11 |a]ja1][1]a]]2
wlll 1111 ]a]af-1]-a]21]1]3
vs|1] 1 | 1|2 |11 |-afi|[-ifi]|-i]|4
vll| 1|12 |12 1 |-A]-i| 1 |[-i|1]4
wlil L[] a|-af-1]21|[i|-i]|-i|i]5
wvll| 1|1 |1 |-21]-1]1]-i]| I | —i |5
xvol2|2]1-2]12]-2]0]0]0]0[0|0]6
yol2|2]-2|-22[0]0]0|0]0]0]|7
yuu|4]-4]0[0]0]JO0O|0O]J]O | 0]J]0]0]O0
N1 2 2 4 4 4 4 8 8 8 8
Classes H GH n
1[1+2+3+4+5+6+7 |Qgx2 2|1
2{1+2+3+4+5+8+9 Mg o) 212
3[{1+2+3+4+5+10+ 11| Mg,® 213
411+2+3+6 4 x 2 414
511+2+3+7 4 x2 415
6|1+2+4 4 Dg|6
711+2+5 4 Dg|7
8[1+2+3+4+5 4x2 2211n2 Zr=d =91
911+2+3 22| 4x2|2n4 G
10]1+2 2(116.0914n6 Z

Maximal subgroups: [Qs x 2], [Ms2®] x 2
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32.49 = D3, = (A%, B?, BA = A"'B)

1 2 3 4 5 7 8 9 10 11
1 A8 A4 A2 AG A A7 A5 A2 AZnB A2n+lB
A12 A14 AlO A15 A9 All A13
cC1 2 3 4 5 6 7 8 9 10 11
#1 1 2 2 2 2 2 2 2 8 8 «
vl 1]1 1 1 1 1 1 1 111G
vl 1]1 1 1 1 1 1 1 |1-1]/-111
wll] 111 |1 |11 |-1]1]-1]2
valll1]21] 1 1)1 -1]-1]-1]-1]/1]3
yvs{2/ 22| -2 -2l0]0]0|0f0]0]4
|2 22 0| 0 | N2 [N2[A2|~2|0]0]5
|2 220 0 |N2[-2[2]~N2]0]0]5
vel2|-=2[ 0| 2 |—v2f2i [—2i]-2i|2i|[0]0f0
vol2|-2] 0| N2 |—2|-2i] 2|2 |[-21]0]0]0
yol2|=2l 02|22 |-2i] 2 |-2i[0]0]0
yu 2|2 0|22 |-2i| 2i|-=2i| 2 [0]0]O
N1 2 4 8 8 16 16 16 16 2 2
Classes H G/H n
1{1+2+3+4+5+6+7+8+9| 16 211
2(1+2+3+4+5+10 Dis 212
3[1+2+3+4+5+11 Dis 213
411+2+3 4 Ds| 4 Z>
511+2 2| Dis|b Z =9
6[1+2+3+4+5 8| 2°|1n2 Z:=G'=0@

Maximal subgroups: [16], [Dis] x 2

148



32.50 = M1s2(" = (A6, B2, BA = A’B)

1 2 3 4 5 6 7 8 9 10 11
1 A8 A4 A6 A2 A A9 AS All AZnB A2n+lB
A12 AlO Al4 A? A15 A5 A13
c12 3 4 5 6 7 8 9 1011
#1 1 2 2 2 2 2 2 2 8 8 X
w111 1|1 ] 1] 1]1]1]1]G
w111 111|111 [-1]-1]1
vall| 2|1 1 |1 | -1|-1]-1]-1]1]|-1f2
w221 | 1|1 -1]-1]-1|-1]1]3
vs|2/ 2122|220 ] 0] 0] 0]0|0]|4
x612/2[-2] 0 | 0 [~N2 | N2|~2]|~2]0|0]5
x712/ 22 0] 0 [~N2]|~2]N2]N2]0][0]5
vs|2| 2| 0| V2 | 2| 2ci |—2ci|—2si| 2si [0 [ 0|0
xo]2|-2] 0 | N2 | 2| —-2ci| 2ci | 2si |—2si] 0 |0 |O
xi0|2| -2 0 [—~2] V2 [ 2si |-2si| 2ci |2ci[ 0| 0|0
vy [2| =2 0|2 | N2 |—2si| 2si [—2ci| 2ci | 0| 0 ]O
order 1 2 4 8 8 16 16 16 16 2 2
C = cos(2n/16) = ¥\[2 +[2 , s = sin(2n/16) = Y2 — /2
Classes H G/H n
1{1+2+3+4+5+6+7+8+9| 16| 2|1
2|11+2+3+4+5+10 Dig| 2]2
3|1+2+3+4+5+11 Dig| 23
411+2+3 4| Dgl|4 Z
511+2 2| Dwl|5 Z=9
6[1l+2+3+4+5 8| 22|1n2 Z3=G'=®

Maximal subgroups: [16], [Dis], [Qus]
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32.51 = Qs = (A%, B2 = A%, BA = A-'B)
1 2 3 4 5 6 7 8 9 10 11
1 A8 A4 A2 AG A A7 A5 AS AZnB A2n+lB
A12 A14 AlO A15 A9 All A13

cC12 3 4 5 6 7 8 9 10 11
#1 1 2 2 2 2 2 2 2 8 8 X
wlfil1]1] 11111 ]1]1]1]G
wlil1]1]l 111 1]1]1]|a]a]1
vl 111 11| -1|-1]-1[1]-1]2
vl 2|1 1] 1|1 -1]-1|-1]-1]1]3
vs|l2] 2|22 -—2]0]0]0o]0]0o]|0]4
|2 22 0| 0 | N2 [N2[A2|~2|0]0]5
|2 220 0 |N2[-2[2]~N2]0]0]5
vel2|-=2[ 0| 2 |—v2f2i [—2i]-2i|2i|[0]0f0
vol2|-2] 0| N2 |—2|-2i] 2|2 |[-21]0]0]0
yol2|=2l 02|22 |-2i] 2 |-2i[0]0]0
yu 2|2 0|22 |-2i| 2i|-=2i| 2 [0]0]O
N1 2 4 8 8 16 16 16 16 4 4
Classes H G/H n

1{1+2+3+4+5+6+7+8+9] 16| 2|1

2|1+2+3+4+5+10 Q| 2|2
3[1+2+3+4+5+11 Qx| 2|3

411+2+3 4] Qs|4

5]1+2 2] Q|5 Z

6{1+2+3+4+5 8| 22|11n2 Z,=G'=d =91

Maximal subgroups: [16], [Qs] x 2
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